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Abstract
We construct N = 2, 4 supersymmetric Abelian projections of the N = 6 mass-deformed
Aharony-Bergman-Jafferis-Maldacena (ABJM) theory. There are well-defined dual back-
ground geometries for the N = 2 Abelian theory, while those geometries are unclear for the
N = 4 Abelian theory. The N = 2 theory is built on the supersymmetric vacua of the
mass-deformed ABJM theory, which are proven to have a one-to-one correspondence with
the Zk quotient of Lin-Lunin-Maldacena geometries. We select one special vacuum of the
mass-deformed ABJM theory and show that the corresponding geometry is weakly curved
at every point of the entire space transverse to the M2-branes in the large-N limit.
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1 Introduction
The AdS/CFT duality is a powerful tool for studying strongly coupled gauge theories [1–3]. This
duality has been tested in numerous examples in a string-/M-theory framework and applied to
various physical models. In particular, there is accumulating evidence that the AdS/CFT duality
can be used to study physics in the strongly coupled regime in condensed matter systems [4–6].
An important example of the AdS/CFT duality related to a low-energy effective action of N
coincident M2-branes on the C4/Zk orbifold fixed point was proposed in Ref. [7]. This effective
theory is called Aharony-Bergman-Jafferis-Maldacena (ABJM) theory and was conjectured to be
dual to type IIA string theory on AdS4 × CP3 or M-theory on AdS4 × S7/Zk, according to the
value of the Chern-Simons (CS) level k. Since the boundary of the AdS4 space is conformally
mapped to the flat (2+1)-dimensional Minkowski space, the dual field theories are closely related
to the strongly coupled theories of planar condensed matter systems. The direct application of
ABJM theory to specific condensed matter systems seems far from possible, due to its complicated
non-Abelian structure and huge number of degrees of freedom.
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In order to make more realistic attempt, a consistent Abelian truncation of the bosonic part of
the N = 6 mass-deformed ABJM (mABJM) theory [9,10] is probably a promising direction [8]. In
the construction of an Abelian theory, an ansatz is used in terms of some constant matrices, called
the Gomis-Rodriguez-Gomez-Van Raamsdonk-Verlinde (GRVV) matrices [10]. These matrices
were originally introduced to obtain discrete vacua of the mABJM theory. The Abelian truncation
in Ref. [8] preserves O(N) degrees of freedom out of O(N2) degrees of freedom of the mABJM
theory in which these Abelian fields may describe the collective motions of O(N) charged particles.
It was also proposed that the Abelian action governing the collective motions can be an effective
action of a condensed matter system. Specifically, the relativistic Landau-Ginzburg model was
constructed from the Abelian projected model. These results suggest that the dual gravity theories
of condensed matter systems can be studied based on the gauge/gravity duality of the mABJM
theory.
In this paper, we employ a generalized ansatz that includes the fermion part of the mABJM
theory to construct a supersymmetric Abelian projected theory.1 First, we show that the re-
sulting theory has N = 4 supersymmetry. The Abelian theory obtained in Ref. [8] is a special
representative of our construction. The backgrounds used in the N = 4 Abelian theories are
not supersymmetric vacua of the mABJM theory. As a consequence, there are some problems in
finding the gravity dual. In order to overcome these problems we propose a new ansatz based on
the vacua of the mABJM theory, and construct an N = 2 Abelian CS theory.
Half-Bogomolnyi-Prasad-Sommerfeld (BPS) geometries for M2-branes in the presence of the
transverse 4-form flux in 11-dimensional supergravity are called the Lin-Lunin-Maldacena (LLM)
geometries [12,13]. These LLM geometries were expected to be dual to the vacua of the mABJM
theory with CS level k = 1. However, the number of classical vacua constructed in Ref. [10] was
more numerous than the partitions of N , which is the number of the half-BPS LLM solutions for
a given number N of M2-branes. This mismatch was fixed by excluding the vacua in which the
supersymmetry is broken dynamically [14]. The one-to-one mapping between the vacua in the
mABJM (or mABJ [15]) theory with CS level k and the LLM geometries with a Zk orbifold and
discrete torsions is explained in Ref. [16]. (See also Refs. [17, 18].)
When we consider a gravity dual for a fluctuation on the field theory side, the corresponding
background geometry should be weakly curved everywhere in the large-N limit. However, we will
show that in general the LLM geometries involve highly curved regions even in the large-N limit.
Therefore, the gravity duals for some fluctuations are not well-defined.
In this paper, we select one special vacuum of the mABJM theory and confirm that the
corresponding dual LLM geometry is weakly curved everywhere in the large-N limit. To avoid
1See Ref. [11] for an alternative approach to obtain a supersymmetric Abelian projected theory.
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complication, we focus on the case of k = 1. Based on the work of Ref. [16], one can also extend
the discussion to the case of k > 1. For the LLM geometry, we compute the Ricci scalar at every
point of the entire space transverse to the M2-branes and show that the Ricci scalar has positive
values near the boundaries between the black and white strips in the droplet representation of the
LLM geometry. Furthermore, the Ricci scalar decreases monotonically with increasing distance
from the boundary and becomes a negative constant asymptotically. In this asymptotic region the
geometry is AdS4×S7. Over the entire geometry, the absolute value of the Ricci scalar decreases
with increasing N .
Some fluctuations of a field theory vacuum with a weakly curved dual geometry, may lead
to well-defined dual gravity modes, according to the gauge/gravity duality. For this reason, our
N = 2 Abelian theory can be considered as a special kind of fluctuation on the vacuum and has a
well-defined gravity dual on the corresponding LLM geometry. Since we consider the duality on the
background of M2-branes polarized to M5-branes in the presence of the 4-form field strength [19],
the gauge/gravity which we are considering does not belong to the well-known AdS/CFT duality.
Rather, it is similar to the duality on the background of D3-branes polarized to D5(or NS5)-branes
in type IIB string theory [20].
This paper is organized as follows. In Sec. 2 we summarize the mABJM theory with explicit
SU(2)×SU(2)×U(1) global symmetry and discuss the supersymmetric vacua of the theory. In Sec.
3 we construct the N = 4 supersymmetric Abelian projection of the mABJM theory with general
ansa¨tze in terms of the GRVV matrices and discuss its problems in relation to the gravity dual.
We also construct the N = 2 Abelian theory based on the vacua of the mABJM theory. In Sec. 4
we select one special vacuum in the mABJM theory and investigate the corresponding dual LLM
geometry. We conclude in Sec. 5.
2 mABJM theory and supersymmetric vacua
The main purpose of this paper is to construct an N = 2 Abelian projected mABJM theory and
to propose a weakly curved gravity dual in the large-N limit. For completeness, we start with an
explanation of the mABJM theory in terms of the fields with manifest SU(2)×SU(2)×U(1) global
symmetry, and a summary of the supersymmetric vacua of the theory.
2.1 mABJM theory with SU(2)×SU(2)×U(1) global symmetry
The N = 6 mABJM theory is well established as a theory describing multiple M2-branes [9, 10]
in the background of a special kind of constant 4-form field strength and its dual seven-form
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field strength [21, 22]. There are several methods for obtaining such a mass-deformed theory;
for instance, the N = 1 superfield formalism [9] and D-term and F -term deformations in the
N = 2 superfield formalism [10]. These different versions of mass-deformed theories are actually
equivalent since they are connected by field redefinitions [23]. The action of this theory, which
has U(N)×U(N) gauge symmetry and SU(2)×SU(2)×U(1) global symmetry, is
S =
∫
dx3(L0 + LCS + Lferm + Lbos), (2.1)
where
L0 = tr
(
−DµZ†aDµZa −DµW †aDµWa + iξ†aγµDµξa + iω†aγµDµωa
)
,
LCS = k
4π
ǫµνρtr
(
Aµ∂νAρ +
2i
3
AµAνAρ − Aˆµ∂νAˆρ − 2i
3
AˆµAˆνAˆρ
)
,
Lferm = −2πi
k
tr
[
(ξaξ†a − ω†aωa)(ZbZ†b −W †bWb) + 2(Zaξ†a + ω†aWa)(ξbZ†b +W †bωb)
− (ξ†aξa − ωaω†a)(Z†bZb −WbW †b)− 2(Z†aξa + ωaW †a)(ξ†bZb +Wbω†b)
+ ZaωaZ
bωb + ξ
aWaξ
bWb − 2ZaWaξbωb − 2ZaωaξbWb
+ ω†aZ†aω
†bZ†b +W
†aξ†aW
†bξ†b − 2ω†aξ†aW †bZ†b − 2W †aξ†aω†bZ†b
− ωaZaωbZb −WaξaWbξb + 2ωaZaWbξb + 2WaZaωbξb
− Z†aω†aZ†bω†b − ξ†aW †aξ†bW †b + 2ξ†aW †aZ†bω†b + 2ξ†aω†aZ†bW †b
]
+ iµ tr
(
ξ†aξ
a − ω†aωa
)
,
Lbos = −
∣∣∣∣2πk (ZbZ†bZa − ZaZ†bZb + ZaWbW †b −W †bWbZa)− µZa
∣∣∣∣
2
−
∣∣∣∣2πk
(
Z†bZ
bWa −WaZbZ†b +WaW †bWb −WbW †bWa
)
+ µWa
∣∣∣∣
2
−
∣∣∣∣4πk (W †bZ†bW †a −W †aZ†bW †b)
∣∣∣∣
2
−
∣∣∣∣4πk (Z†aW †bZ†b − Z†bW †bb Z†a)
∣∣∣∣
2
, (2.2)
where |O|2 ≡ tr (O†O). For later convenience, we have split the usual four transverse complex
scalar and fermionic fields of the original SU(4)-invariant ABJM theory as
Y a = (Za,W †a), Ψa = (ǫabξ
b,−ǫabω†b), (2.3)
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where a = 1, 2, 3, 4 for the left-hand sides of these equations and a, b = 1, 2 for their right-hand
sides. The action is invariant under the N = 6 supersymmetry transformation,
δZa = iǫ¯ξa + iαabω
†b, δW †a = −iǫω†a + iβabξb,
δAµ = −2π
k
[
ǫ¯γµ
(
ξaZ†a +W
†aωa
)
+ βbaγ
µ
(
ξaWb − Zaωb
)
+ c.c.
]
,
δAˆµ = −2π
k
[
ǫ¯γµ
(
Z†aξ
a + ωaW
†a)+ βbaγµ(Wbξa − ωbZa)+ c.c.],
δξa = ǫ
[
γµDµZ
a − 4π
k
(
Z [aZ†bZ
b] + Z [aWbW
†b] − 2ǫabZ [1Z†bZ2]
)
+ µZa
]
+ αab
[
γµDµW
†b +
4π
k
(
W †[bZ†cZ
c] −W †[bWcW †c]
)
+ µW †b
]
+
8π
k
ǫ¯ǫabW †[1Z†bW
†2] − 8π
k
αbcW
†[cZ†bZ
a],
δω†a = ǫ¯
[
− γµDµW †a + 4π
k
(
W †[aZ†bZ
b] +W †[aWbW
†b] − 2ǫabW †[1WbW †2]
)
+ µW †a
]
+ βab
[
γµDµZ
b − 4π
k
(
Z [bZ†cZ
c] − Z [bWcW †c]
)− µZb]
− 8π
k
ǫǫabZ [1WbZ
2] − 8π
k
βbcZ
[cWbW
†a], (2.4)
where A[aBbC
c] = 1
2
(AaBbC
c −CcBbAa) and ǫ¯ = ǫ∗, βab = (αba)∗ are the supersymmetry parame-
ters. We also have ǫabβcb = −ǫbcαab from the reality condition of the supersymmetry parameters
of the original ABJM theory.
2.2 Supersymmetric vacua of the mABJM theory
In this subsection, we summarize the classical supersymmetric vacuum solutions of the mABJM
theory, which were obtained in Ref. [10]. The vacuum equations are obtained by setting the
bosonic potential to zero, Vbos = −Lbos = 0, in Eq. (2.2). Since −Lbos is a sum of four absolute
squares, we have four equations that are cubic for Za and Wa. The first two are the D-term
equations, while the last two are the F -term equations. Suppose that the scalar fields are chosen
to be orthogonal to each other, ZaWb = 0. Then the vacuum equations are simplified by imposing
this condition. The D-term equations become
ZaZ†bZ
b − ZbZ†bZa = −
µk
2π
Za, W †aWbW
†b −W †bWbW †a = µk
2π
W †a, (2.5)
and the F -term equations are trivially satisfied as
WaZ
bWb −WbZbWa = 0, ZbWbZa − ZaWbZb = 0. (2.6)
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The classical vacuum solutions of the D-term equations (2.5) have been found in the form of
the GRVV matrices. A convenient way of expressing each solution is to represent it as a direct
sum of two types of irreducible rectangular n× (n+ 1) matrices, M(n)a (a = 1, 2), or a direct sum
of the Hermitian conjugates of those rectangular matrices M¯(n)a [14, 16], which are
M(n)1 =


√
n 0√
n−1 0
. . .
. . .√
2 0
1 0


, M(n)2 =


0 1
0
√
2
. . .
. . .
0
√
n−1
0
√
n


, (2.7)
where n = 1, · · · , N−1. In order to form N×N matrices, the direct sums of rectangular n×(n+1)
matrices should also include certain numbers of empty rows and empty columns. Explicitly, the
solutions are written as follows2:
Za =
√
µk
2π


M(n1)a
. . .
M(ni)a
0(ni+1+1)×ni+1
. . .
0(nf+1)×nf


,
W †a =
√
µk
2π


0n1×(n1+1)
. . .
0ni×(ni+1)
M¯(ni+1)a
. . .
M¯(nf )a


. (2.8)
The matrices M(n)a are called the nth block of the first type, while their Hermitian conjugates
M¯(n)a are called the nth block of the second type. Since the nonzero components of Za and W †a
belong to different blocks, the product ZaWb always vanishes and the F -term vacuum equations
(2.6) are automatically satisfied. The solutions in Eq. (2.8) also satisfy the D-term equations
2Similar vacuum solutions for the N = 3 mass-deformed CS matter theory with generalized CS levels k1 and k2
were obtained in Ref. [24].
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(2.5) because the rectangular blocks M(n)a solve the equations block by block as follows:
2∑
b=1
(M(n)a M¯(n)b M(n)b −M(n)b M¯(n)b M(n)a ) = −M(n)a . (2.9)
One occupation number, Nn with n = 0, 1, · · · , N − 1, denotes the number of blocks of M(n)a
contained in Za, and another occupation number, N ′n, denotes the number of blocks of M¯(n)a
contained in W †a. In this notation N0 is the number of empty columns while N ′0 is the number of
empty rows. Since Za and W †a are N × N matrices, the occupation numbers should satisfy the
following constraints:
N−1∑
n=0
[
nNn + (n+ 1)N
′
n
]
= N,
N−1∑
n=0
[
(n+ 1)Nn + nN
′
n
]
= N. (2.10)
At the quantum level, only a subset of these classical vacuum solutions remains supersymmetric,
and the occupation numbers for the quantum-level supersymmetric vacua are further constrained
by the value of the CS level k as
0 ≤ Nn ≤ k, 0 ≤ N ′n ≤ k (2.11)
for every n [14].
3 Abelian projections
3.1 N = 4 Abelian projection
The Abelian projection of the mABJM theory is implemented by making an ansatz for the dynam-
ical fields. They are given by two N ×N matrices, S1 and S2, and are expressed by direct sums
of the rectangular blocks,M(n)1 andM(n)2 , respectively. Since allM(n)a ’s are n× (n+1) matrices,
their direct sum always forms a rectangular matrix with fewer rows than columns. Therefore, in
order to form the N × N matrices, the direct sums should contain a certain number of empty
rows. In a general ansatz a certain number of empty columns is also allowed. More precisely, if
Nn is the number of M(n)a blocks contained in Sa, N ′0 empty rows should be included in order to
form the N ×N matrices. It is also possible to include N0 empty columns. Then the occupation
numbers must satisfy the following constraints:
N−1∑
n=1
nNn +N
′
0 = N,
N−1∑
n=1
(n+ 1)Nn +N0 = N. (3.12)
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The Sa matrices of a = 1 or 2 constructed in this manner satisfy the following properties:
SaS†bS
b − SbS†bSa = −Sa, tr(S1S†1) = tr(S2S†2) =
N−1∑
n=0
Nn
n(n + 1)
2
. (3.13)
In order to obtain the Abelian projected theory of the mABJM theory, one can consider the
following ansatz [8]:
Za = φa(x)S
a, W †a = ρa(x)S
a
ξa = ψa(x)S
a, ω†a = χa(x)S
a,
Aµ = aµ2(x)S
1S†1 + a
µ
1 (x)S
2S†2,
Aˆµ = aµ2(x)S
†
1S
1 + aµ1 (x)S
†
2S
2, (3.14)
where here and from now on we understand that there is no summation on the repeated in-
dices (a, b), unless stated otherwise. We notice that since for this ansatz the product ZaWb is
nonvanishing—even when the coefficient fields φa(x) and ρa(x) are made constant—Eq. (3.14)
does not satisfy the vacuum equations of the mABJM theory. Therefore, this ansatz cannot be
considered a fluctuation on a supersymmetric vacuum. By inserting the ansatz (3.14) into the
mass-deformed Lagrangian in Eq. (2.1), and by using the properties of the Sa matrices in Eq.
(3.13), we obtain
Ltot = β
{
− (Dµφa)†Dµφa − (Dµρa)†Dµρa + iψ¯aγµDµψa + iχ¯aγµDµχa
+
k
4π
ǫµνρ
(
aµ1∂
νaρ2 + a
µ
2∂
νaρ1
)
− 2πi
k
[
(|ψ1|2 − |χ1|2)(|φ2|2 − |ρ2|2) + (|ψ2|2 − |χ2|2)(|φ1|2 − |ρ1|2)
+ 2(φ1ψ¯1 + χ1ρ¯1)(ψ2φ¯2 + ρ2χ¯2) + 2(φ2ψ¯2 + χ2ρ¯2)(ψ1φ¯1 + ρ1χ¯1)
]
− 4πi
k
[
φ1φ2χ¯1χ¯2 + φ¯1φ¯2χ1χ2 + ρ¯1ρ¯2ψ1ψ2 + ρ1ρ2ψ¯1ψ¯2 − φ1ρ¯1ψ2χ¯2 − φ¯1ρ1ψ¯2χ2
− φ1ρ¯2χ¯1ψ2 − φ¯1ρ2χ1ψ¯2 − φ2ρ¯2ψ1χ¯1 − φ¯2ρ2ψ¯1χ1 − φ2ρ¯1ψ1χ¯2 − φ¯2ρ1ψ¯1χ2
]
− 4π
2
k2
[
(|φ1|2 + |ρ1|2)(|φ2|2 − |ρ2|2)2 + (|φ2|2 + |ρ2|2)(|φ1|2 − |ρ1|2)2
]
− 16π
2
k2
[
(|φ1|2 + |φ2|2)|ρ1|2|ρ2|2 + |φ1|2|φ2|2(|ρ1|2 + |ρ2|2)
]
+ iµ
(
ψ¯aψa − χ¯aχa
)− µ2(φ¯aφa + ρ¯aρa)+ 8πµ
k
(|φ1|2|φ2|2 − |ρ1|2|ρ2|2)
}
, (3.15)
9
where a summation over repeated indices is implied in this Abelian Lagrangian, and
β =
N−1∑
n=0
Nn
n(n + 1)
2
, X¯a ≡ X∗a , DµXa ≡ ∂µXa + iaµaXa. (3.16)
The Abelian projection considered in Ref. [8] corresponds to a special case of the ansatz (3.14) in
which NN−1 = 1 and N ′0 = 1 are the only vanishing occupation numbers and all other occupation
numbers are zero. In this case the overall constant in the Lagrangian in Eq. (3.15) becomes
β = N(N − 1)/2.
The Abelian projection is also applied to the supersymmetry transformation rules in Eq. (2.4).
It turns out that the Abelian theory obtained in Eq. (3.15) preserves only N = 4 supersymmetry.
We begin with the Abelian projection of the supersymmetry variation of one scalar field,
δZ1 = iǫ¯ξ1 + iα11ω
†1 + iα12ω
†2 −→ δφ1S1 = iǫ¯ψ1S1 + iα11χ1S1 + iα12χ2S2. (3.17)
Recalling that the S1 and S2 are linearly independent matrices, the above equation is satisfied
only if we set α12 to zero. Now we set α
1
1 ≡ −η and have
δφ1 = iǫ¯ψ1 − iηχ1. (3.18)
Similarly, the application of the Abelian projection to the supersymmetry variations of the re-
maining bosonic and fermionic fields in Eq. (2.4) results in the following N = 4 supersymmetry
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transformation rules:
δφ1 = iǫ¯ψ1 − iηχ1, δρ1 = −iǫχ1 − iη¯ψ1,
δφ2 = iǫ¯ψ2 + iη¯χ2, δρ2 = −iǫχ2 + iηψ2,
δaµ1 = −
2π
k
[
ǫ¯γµ(ψ2φ¯2 + χ¯2ρ2) + ηγ
µ(ψ2ρ¯2 − χ¯2φ2) + c.c.
]
,
δaµ2 = −
2π
k
[
ǫ¯γµ(ψ1φ¯1 + χ¯1ρ1)− η¯γµ(ψ1ρ¯1 − χ¯1φ1) + c.c.
]
,
δψ1 = ǫ
[
γµDµφ1 − 2π
k
φ1(|φ2|2 − |ρ2|2) + µφ1
]
− 4π
k
ǫ¯φ¯2ρ1ρ2
+ η
[
γµDµρ1 + 2π
k
ρ1(|φ2|2 − |ρ2|2)− µρ1
]
− 4π
k
η¯φ1φ¯2ρ2,
δψ2 = ǫ
[
γµDµφ2 − 2π
k
φ2(|φ1|2 − |ρ1|2) + µφ2
]
− 4π
k
ǫ¯φ¯1ρ1ρ2
+ η¯
[
γµDµρ2 − 2π
k
ρ2(|φ1|2 − |ρ1|2) + µρ2
]
+
4π
k
ηφ¯1φ2ρ1,
δχ1 = −ǫ¯
[
γµDµρ1 + 2π
k
ρ1(|φ2|2 − |ρ2|2)− µρ1
]
+
4π
k
ǫφ1φ2ρ¯2
− η¯
[
γµDµφ1 + 2π
k
φ1(|φ2|2 − |ρ2|2)− µφ1
]
− 4π
k
ηφ2ρ1ρ¯2,
δχ2 = −ǫ¯
[
γµDµρ2 + 2π
k
ρ2(|φ1|2 − |ρ1|2)− µρ2
]
+
4π
k
ǫφ1φ2ρ¯1
+ η
[
γµDµφ2 + 2π
k
φ2(|φ1|2 − |ρ1|2)− µφ2
]
+
4π
k
η¯φ1ρ¯1ρ2. (3.19)
With a straightforward but tedious calculation, the Abelian action in Eq. (3.15) is shown to be
invariant under this N = 4 supersymmetry transformation.
The supersymmetry enhancement for k = 1, 2 in the (m)ABJM theory is realized by using the
monopole operators [25], which relate the bifundamental fields and the antibifundamental fields.
The GRVV matrices Sa and S†a in the ansatz (3.14), which represent the bifundamental and an-
tibifundamental representations, respectively, are independent of each other. For this reason, the
monopole operators related to the supersymmetry enhancement do not exist in Abelian projected
theories. Therefore, no supersymmetry enhancement is expected in these Abelian theories. In gen-
eral, however, monopole operators [26] in three-dimensional gauge theories create a U(1) magnetic
flux in the gauge group under consideration. The Abelian projection can be considered as a special
way to extract the U(1) sector in which monopole operators can live. Therefore, monopole oper-
ators that are not related to the supersymmetry enhancement can exist in the Abelian projected
theories.
The next point to clarify is that the Abelian projection is a consistent truncation of the original
mABJM theory. In Ref. [8] this was argued in the sense that the solutions to the equations of
motion of the truncated theory are also solutions to the original theory. This is indeed the
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case, because by using the properties of the Sa matrices in Eq. (3.13) one can easily verify that
DµD
µ(XaS
a) = (DµDµXa)Sa. Using the same set of properties, other expressions in the equations
of motion of the mABJM theory involving products of more than two Sa matrices can be reduced
to expressions involving only one matrix. As a result of these simplifications the equations of
motion of the original mABJM theory can be reduced to the equations of motion of the Abelian
projected theory using the ansatz (3.14).
As a matter of fact, the above criteria of a consistent truncation allows a further truncation
of the Abelian theory to a simpler Abelian theory involving fewer scalar fields. In particular, a
truncation involving two scalar fields can be obtained by setting any two of the four scalar fields
and the corresponding fermionic fields to zero. There are three inequivalent such truncations: (i)
φ2 = ρ2 = 0, (ii) φ1 = ρ2 = 0, and (iii) ρ1 = ρ2 = 0. Other cases are related to these three cases
by field renaming [8].
In case (i) the truncated action is
Ltot = β
[
− (Dµφ1)†Dµφ1 − (Dµρ1)†Dµρ1 + iψ¯1γµDµψ1 + iχ¯1γµDµχ1
+
k
4π
ǫµνρa
µ
2f
νρ
1 + iµ
(|ψ1|2 − |χ1|2)− µ2(|φ1|2 + |ρ1|2)], (3.20)
where fµνi = ∂
µaνi − ∂νaµi are the field strengths of the Abelian gauge fields. The gauge field aµ2 is
an auxiliary field and its equation of motion is fµν1 = 0, which means a
µ
1 is a pure gauge degree
of freedom. Therefore, the truncation results in a theory of two massive bosonic and two massive
fermionic fields without self-interactions of the scalar fields and Yukawa-type interactions. This
theory is invariant under the N = 4 supersymmetry transformation.
In case (ii) the truncated action is
L = β
[
(Dµφ2)†Dµφ2 − (Dµρ1)†Dµρ1 + iψ¯2γµDµψ2 + iχ¯1γµDµχ1
+
k
4π
ǫµνρ
(
aµ1∂
νaρ2 + a
µ
2∂
νaρ1
)
+
4π2
k2
(
|φ2|2|ρ1|2 + µ
2k2
4π2
) (|φ2|2 + |ρ1|2) (3.21)
+
2πi
k
(|φ2|2|χ1|2 + |ρ1|2|ψ2|2 − 2χ1ρ¯1ψ2φ¯2 − 2φ2ψ¯2ρ1χ¯2)+ iµ (ψ¯2ψ2 − χ¯1χ1)
]
.
Only N = 2 supersymmetry remains, with the supersymmetry transformation rules
δψ2 = iǫ¯ψ2, δρ1 = −iǫχ1,
δaµ1 = −
2π
k
(
ǫ¯γµψ2φ¯2 + ψ¯2γ
µǫφ2
)
, δaµ2 = −
2π
k
(ǫ¯γµχ¯1ρ1 + χ1γ
µǫρ¯1) ,
δψ2 = ǫ
(
γµDµφ2 + 2π
k
φ2|ρ1|2 + µφ2
)
, δχ1 = −ǫ¯
(
γµDµρ1 + 2π
k
ρ1|φ2|2 − µρ1
)
. (3.22)
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The bosonic potential in Eq. (3.21) has no Higgs vacuum, and as such nontopological vortex-type
BPS solutions are supported [8].
Case (iii) is the most interesting because of its relevance in describing some condensed matter
models [8]. The truncated action is
L = β
[
− (Dµφa)†Dµφa + iψ¯aγµDµψa + k
4π
ǫµνρ
(
aµ1∂
νaρ2 + a
µ
2∂
νaρ1
)
− 2πi
k
(
|ψ1|2|φ2|2 + |ψ2|2|φ1|2 + 2φ1ψ¯1ψ2φ¯2 + 2φ2ψ¯2ψ1φ¯1
)
− 4π
2
k2
(
|φ1|2|φ2|4 + |φ2|2|φ1|4
)
+ iµψ¯aψa − µ2φ¯aφa + 8πµ
k
|φ1|2|φ2|2
]
. (3.23)
This action is also invariant under the N = 2 supersymmetry transformation using the transfor-
mation rules obtained from Eq. (3.19) by setting the supersymmetry parameter η to zero.
3.2 Comments on the gravity dual of the N = 4 Abelian theories
Ansa¨tze of Abelian projections similar to Eq. (3.14) were commonly used in the literature to
implement the Abelian projection of the ABJM theory [8, 27, 28]. However, as it was pointed
out in the pervious subsection, these ansa¨tze do not satisfy the vacuum equations of the mABJM
theory unless we set φa or ρa to zero. If the latter is not the case, the ansa¨tze can not be considered
as fluctuations on the supersymmetric vacua of the mABJM theory. Then the identification of
the gravity dual is unclear, since there is no known geometry which is dual to the configurations
given by Eq. (3.14). Due to this reason, for the N = 4 Abelian gauge theories, we cannot use
the holographic duality relations between the supersymmetric vacua of the mABJM theory and
the LLM geometries. One has to find some other ways to identify the gravity dual of the N = 4
Abelian gauge theories.
When φa or ρa are set to zero, one can identify the dual gravity solutions: however, there are
still some obstacles involved with these solutions. We discuss these obstacles in this subsection,
and we construct an N = 2 Abelian projection based on the vacua of the mABJM theory in the
next subsection.
Let us consider a particular vacuum solution with occupation numbers {Nn, N ′n} satisfying
the supersymmetric condition (2.11). In Ref. [16], the Zk quotient of the LLM geometry [12] is
identified as the holographic dual of the vacua of the mABJM theory. This geometry is represented
in terms of an infinite strip of white and black regions in Fig. 1, which are called droplets. In this
representation the two colors correspond to ±1
2
boundary values of the function that characterizes
the metric; however, we leave its clarification until Sec. 4.2. The strip is divided into excitation
levels of length k, which are labeled by non-negative integers n = 0, 1, 2, · · · starting at the Fermi
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level (EF). In this strip representation, the occupation number Nn corresponds to the length of
the black region in the nth level above the Fermi level, while N ′n corresponds to that of the white
region in the nth level below the Fermi level. Since the length of the black/white strip in a given
level cannot be bigger than the length of the level itself, the occupation numbers should satisfy
the condition (2.11), which is also required in order to have supersymmetric vacua [14].
An alternative representation of those gravity solutions is expressed in terms of a Young dia-
gram. For the LLM geometry corresponding to the k = 1 case, the lengths of the white/black strips
are equal to those of the horizontal/vertical edges of the Young diagram, as shown in Figs. 1(b)
and (c). The Young diagrams for small-curvature solutions should all have very long edges and a
very large total number of boxes [12]. In other words, a small-curvature geometry is represented
by a Young diagram whose shape is a square or almost a square. If the Young diagram has a large
number of corners, it is most likely that some of the edges are short and the geometry includes
highly curved regions. In Sec. 4 we will discuss the structure of LLM geometry and its various
limits.
Based on the discussion in the above two paragraphs, we notice that there are two obstacles
with the dual gravity solutions to the Abelian projection ansatz in Eq. (3.14) with φa or ρa set
to zero. The first one is the fact that since the ansatz is based on matrices that are built from
only n× (n+1) rectangular blocks, we have to add N ′0 empty rows, where N ′0 is equal to the total
number of rectangular blocks used. Unless n is of the order of N , one has to use a large number
of blocks to form an N × N matrix, and as a result N ′0 can be larger than k, in contrast to the
requirement from supersymmetric vacuum solutions (2.11). The second obstacle is related to the
cases when the rectangular building blocks have sizes of the order of N , so that only higher-level
occupation numbers (such as NN−1, N ′N−1, · · · ) are nonzero. Since the N×N matrices representing
the vacuum solutions can not contain more than one M(N−1)a or M¯(N−1)a , · · · , these nonvanishing
occupation numbers are also of the order of one unit. Therefore, in the droplet representation,
the length of either the black strip or the white strip is of the order of one unit. In these cases,
the corresponding Young diagrams will have some edges that have lengths of the order N and
others with lengths of the order of one unit. For instance, in the case of Ref. [8], the Young
diagram is a 1 × N rectangle. As pointed out before, for a Young diagram with short edges, the
dual geometry includes highly curved regions and the gravity approximation of the fluctuations
on such a geometry cannot be trusted. However, one can still consider the identification of the
solitonic objects in the dual gravity for the Young diagram with a 1×N rectangle [8, 17].
The prime motivation for considering the Abelian truncation of the mABJM theory in Ref. [8] is
to achieve a better understanding of the gauge/gravity duality in condensed matter systems. The
authors obtained the Abelian Higgs theory—the relativistic version of Landau-Ginzburg theory—
14
kk
k
N0
N1
N’0
N’1k
N’2=0
N2=0
EF EF
(a) (b) (c)
Figure 1: (a) A droplet representation of the Zk quotient of the LLM geometry. The horizontal lines
do not correspond to any coordinate, but rather are fictitious lines added for clarity. (b) A droplet
representation for the k = 1 case. (c) The Young diagram corresponding to the droplet (b).
through the Abelian projection of the mABJM theory. It was suggested that the strong-coupling
regime of this theory can be investigated by using the gauge/gravity duality, though this point was
not explicitly addressed. However, due to the two obstacles discussed in the pervious paragraph,
it seems that the Abelian projection ansatz (3.14) is not suitable for the consideration of a weakly
curved gravity dual3. Since the weakly curved limit is the only region where one can trust the
gravity approximation of the dual theory, it is not clear if it is practically possible to implement
the idea of the gauge/gravity duality for condensed matter models obtained from the N = 4
Abelian theory of Sec. 3.1. In the next subsection, we will introduce an alternative truncation
ansatz to circumvent these obstacles.
3.3 N = 2 Abelian projection
In this subsection, we consider an Abelian projection of the mABJM theory where the ansatz for
the dynamical fields is made in terms of four matrices, Sa and T a. The ansatz is identified by the
occupation numbers {Nn, N ′n}, where Nn is the number of blocksM(n)a contained in Sa, and N ′n is
the number of blocks M¯(n)a contained in T a. The blocks M(n)a and M¯(n)a must be fitted as in Eq.
(2.8) so that the products of Sa with T †b are zero and the occupation numbers satisfy Eq. (2.10).
3An alternative way of realizing the gauge/gravity duality in condensed matter systems was suggested by adding
fundamental fields to the ABJM theory [11].
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It is easy to see that
SaS†bS
b − SbS†bSa = −Sa, T aT †b T b − T bT †b T a = T a,
tr(SaS†a) =
N−1∑
n=0
Nnn(n+ 1), tr(T
aT †a ) =
N−1∑
n=0
N ′nn(n + 1). (3.24)
The occupation numbers should also satisfy the supersymmetric vacuum condition (2.11).
We introduce the following truncation ansatz:
Za = φa(x)S
a, W †a = ρa(x)T
a,
ξa = ψa(x)S
a, ω†a = χa(x)T
a,
Aµ = aµ2 (x)S
1S†1 + a
µ
1 (x)S
2S†2 + b
µ
2 (x)T
1T †1 + b
µ
1 (x)T
2T †2 ,
Aˆµ = aµ2 (x)S
†
1S
1 + aµ1 (x)S
†
2S
2 + bµ2 (x)T
†
1T
1 + bµ1 (x)T
†
2T
2, (3.25)
where bµi are a new pair of Abelian gauge fields. Since all the vacuum equations are satisfied by
this ansatz when φa and ρa are set to
√
µk
2pi
, this ansatz can be considered as a special fluctuation
on the supersymmetric vacua of the mABJM theory when we set
φa(x) =
√
µk
2π
+ φ˜a(x), ρa(x) =
√
µk
2π
+ ρ˜a(x). (3.26)
Inserting the ansatz (3.25) into the mass-deformed Lagrangian in Eq. (2.1), and using the prop-
erties of the (Sa, T a) matrices given in Eq. (3.24), we obtain
Ltot =β
{
− (Dµφa)†Dµφa + iψ¯aγµDµψa + k
4π
ǫµνρ
(
aµ1∂
νaρ2 + a
µ
2∂
νaρ1
)
− 2πi
k
[
|ψ1|2|φ2|2 + |ψ2|2|φ1|2 + 2
(
φ1φ¯2ψ¯1ψ2 + φ2φ¯1ψ¯2ψ1
)]
− 4π
2
k2
(|φ1|4|φ2|2 + |φ1|2|φ2|4)+ iµψ¯aψa − µ2φ¯aφa + 8πµ
k
|φ1|2|φ2|2
}
+ β ′
{
− (Dµρa)†Dµρa + iχ¯aγµDµχa − k
4π
ǫµνρ
(
bµ1∂
νbρ2 + b
µ
2∂
νbρ1
)
+
2πi
k
[
|χ1|2|ρ2|2 + |χ2|2|ρ1|2 + 2
(
ρ¯1ρ2χ1χ¯2 + ρ¯2ρ1χ2χ¯1
)]
− 4π
2
k2
(|ρ1|4|ρ2|2 + |ρ1|2|ρ2|4)− iµχ¯aχa − µ2ρ¯aρa − 8πµ
k
|ρ1|2|ρ2|2
}
, (3.27)
where
β =
N−1∑
n=0
Nn
n(n+ 1)
2
, β ′ =
N−1∑
n=0
N ′n
n(n + 1)
2
,
Dµ(φa, ψa) ≡ (∂µ + iaµa)(φa, ψa), Dµ(ρa, χa) ≡ (∂µ − ibµa)(ρa, χa). (3.28)
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As they appear here, Abelian projected theories obtained with different choices of the occupa-
tion numbers are the same except for the difference in the overall factor β or β ′. On the other hand,
as was discussed in Refs. [14, 16], different supersymmetric vacua obtained by different choices of
the occupation numbers are related to different dual gravity backgrounds. This fact suggests that
the overall factors in the Abelian projected theories have a more important physical meaning than
it at first appears. Below, we will consider a special choice of the occupation numbers and discuss
the physical meanings of this choice in relation to the background geometry of the gravity dual.
The application of the Abelian projection ansatz (3.25) to the supersymmetry transformation
rules in Eq. (2.4) preserves only N = 2 supersymmetry. The resulting supersymmetry transfor-
mation rules are
δφ1 = iǫ¯ψ1, δφ2 = iǫ¯ψ2, δρ1 = −iǫχ1, δρ2 = −iǫχ2,
δaµ1 = −
2π
k
(
ǫ¯γµψ2φ¯2 + ψ¯2γ
µǫφ2
)
, δaµ2 = −
2π
k
(
ǫ¯γµψ1φ¯1 + ψ¯1γ
µǫφ1
)
,
δbµ1 = −
2π
k
(ǫ¯γµχ¯2ρ2 + χ2γ
µǫρ¯2) , δb
µ
2 = −
2π
k
(ǫ¯γµχ¯1ρ1 + χ1γ
µǫρ¯1) ,
δψ1 = ǫ
(
γµDµφ1 − 2π
k
φ1|φ2|2 + µφ1
)
, δψ2 = ǫ
(
γµDµφ2 − 2π
k
φ2|φ1|2 + µφ2
)
,
δχ1 = −ǫ¯
(
γµDµρ1 + 2π
k
ρ1|ρ2|2 − µρ1
)
, δχ2 = −ǫ¯
(
γµDµρ2 + 2π
k
ρ2|ρ1|2 − µρ2
)
. (3.29)
Unlike the N = 4 Abelian theory, in the current case the set of fields (φa, ψa, aµa) do not mix with
the other set (ρa, χa, b
µ
a), and the parts of the Lagrangian that depend on the first and second sets
are separately invariant under the N = 2 supersymmetry transformation. A model similar to Eq.
(3.27) was considered in Ref. [32] to describe the phase transitions of quantum antiferromagnets
in two spatial dimensions. Identifying the set of fields (φ1, ρ1, · · · ) with the second set (φ2, ρ2, · · · ),
we obtain the well known 2+1-dimensional N = 2 CS matter theory [29, 30].
The merits of the N = 2 Abelian theory discussed in this subsection over the N = 4 Abelian
theory of Sec. 3.1 are twofold. First, the Abelian projection ansatz in Eq. (3.25) is a fluctuation on
a supersymmetric vacuum, and it is natural to expect to find the gravity dual. This is true because
for a particular supersymmetric vacuum specified by a set of occupation numbers, (Nn, N
′
n), the
dual gravity solution is identified as the Zk quotient of the LLM geometry represented by a
droplet with the same occupation numbers [16] [see Fig. 1(a)]. The N = 2 Ableian theory is then
expected to be dual to a gravity theory on such a background. Second—unlike the case of the
N = 4 theory—now the projection ansatz is based on both the n × (n + 1) and the (n + 1)× n
matrices. Therefore we can adjust the number of each of these block matrices in such a way that
they are not large enough to violate the upper bound set by k. In Sec. 4, we will discuss one
particular example to clarify this point.
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4 A special vacuum and weakly curved dual geometry
In Ref. [20], Polchinski and Strassler discussed the duality relation between the N = 1∗ theory—a
mass-deformed theory of the N = 4 super Yang-Mills theory—and the type IIB string theory (or
IIB supergravity) in the presence of a self dual 5-form flux. The duality includes quantitative
maps for perturbative fluctuations and nonperturbative solitonic objects.
Like the vacua of mABJM theory, the vacua of N = 1∗ theory are discrete due to the mass
deformation [31]. This implies that the duality relation of the N = 1∗ theory can be compared
with that of the mABJM theory. As we mentioned previously in Sec. 3.2, it was found in
Ref. [16] that there is a one-to-one correspondence between the supersymmetric vacuum space of
the mABJM theory and the Zk quotient of the LLM geometry. It is naturally expected that the
mABJM theory is related by duality with the M-theory on the LLM geometries. Though this
duality relation has not yet been confirmed, the correspondence between the spectrum of BPS
charged particles and the energy of the fractional M2-branes in the LLM geometries was obtained
in a reliable region [16].
In the previous section, we constructed the N = 2 Abelian theory on the supersymmetric
vacua of the mABJM theory, which is a consistent subset of the mABJM theory. According to
the argument stated in the above paragraph, one can consider the duality relation for the N = 2
Abelian theory as some subset in the M-theory on the LLM geometries. One can consider the
correspondence for perturbed fluctuations or nonperturbed solitonic objects on both sides.
In general, the LLM geometries include highly curved regions, even in the large-N M2-branes
limit. Gravity theories built on such background geometries should include higher-derivative
corrections. Therefore, in these cases, if one attempts to find the duality between the field theory
fluctuations on some vacua and the gravity fluctuations on the LLM geometries, then the simple
Einstein-Hilbert gravity approximation is not enough. If one has some criterion for the weakly
curved LLM geometries in the large-N limit, it will be useful in the study of the gauge/gravity
duality. In the Young diagram for k = 1 shown in Fig. 1(b), small-curvature LLM geometries
are only those where the Young diagram has a small number of corners and a large number of
boxes [12].
In this section, we confirm the above criterion clearly. We select a special supersymmetric
vacuum on the field theory side and analyze the corresponding dual geometry on the gravity side.
We find that the corresponding dual geometry is weakly curved everywhere in the large-N limit.
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Figure 2: The droplet representation and the corresponding Young diagram for our special vacuum
with k = 1.
4.1 A special vacuum in the mABJM theory
Let us consider a particular supersymmetric vacuum of the mABJM theory satisfying the con-
straints (2.10) – (2.11). Our choice of the occupation numbers is
N0 = N1 = · · · = Np = k, N ′0 = N ′1 = · · · = N ′p = k, (4.30)
where p represents the number of theM(n)a or M¯(n)a blocks used to build the vacuum solution. In
the droplet picture for general k [16], the choice (4.30) represents a droplet with a black strip of
length pk above the the Fermi level and a white strip of the same length below the Fermi level,
shown in Fig. 1(a).
Here we focus on the case of k = 1. Inserting Eq. (4.30) into Eq. (2.10), we obtain the relation
between p and N ,
p−1∑
n=0
(2n+ 1) = N. (4.31)
From this relation we read the number of nonvanishing blocks in the vacuum solutions of Za or
W †a in Eq. (2.8),
p =
√
N. (4.32)
The droplet and Young diagram for our choice is as in Fig. 2. If we use this vacuum in the
construction of the N = 2 Abelian action (3.27), the overall factors β and β ′ are given by
β = β ′ =
1
2
tr
(
SaS†a
)
=
1
2
√
N−1∑
n=1
n(n+ 1) =
1
6
(
N3/2 −N1/2) . (4.33)
In the next subsection we discuss the dual LLM geometry for the special vacuum (4.30).
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4.2 Weakly curved dual LLM geometry
The metric of the LLM geometry is completely determined by two functions z(x, y) and V (x, y),
where (x, y) are two of the eight coordinates transverse to the M2-branes. In the notation of
Refs. [12, 16], the metric is given by
ds2 = e
4Φ
3
(−dt2 + dw21 + dw22)+ e− 2Φ3 [h2 (dy2 + dx2)+ yeGds2S3 + ye−Gds2S˜3],
e−2Φ = µ−20 (h
2 − h−2V 2), h−2 = 2y coshG, z = 1
2
tanhG, (4.34)
where µ0 is a mass parameter fixed by the transverse 4-form field strength. The functions z and
V are
z(x, y) =
2m+1∑
i=1
(−1)i+1(x− xi)
2
√
(x− xi)2 + y2
, V (x, y) =
2m+1∑
i=1
(−1)i+1
2
√
(x− xi)2 + y2
, (4.35)
where the xi’s represent the locations of the boundary lines between the black and white strips
in the droplet representation of Fig. 1(b), and m is the number of black or white strips. The
black/white strips in such a droplet representation indicate the ∓1
2
values of the function z along
the y = 0 boundary. For clarity of presentation and easier numerical evaluations, here we consider
the case with a pair of finite-sized black and white strips. If we fix the x = 0 position at the Fermi
level of the droplet and denote the length of the black strip by b and that of the white strip by w,
then the functions z and V are given by
z(x, y) =
1
2
[
x+ b√
(x+ b)2 + y2
− x+ b− w√
(x+ b− w)2 + y2 +
x− w√
(x− w)2 + y2
]
,
V (x, y) =
1
2
[
1√
(x+ b)2 + y2
− 1√
(x+ b− w)2 + y2 +
1√
(x− w)2 + y2
]
. (4.36)
The Young diagram corresponding to such a geometry is a rectangle with a horizontal side w and
vertical side b. Since the number of boxes or the area of the Young diagram is N , we can write
w = N/b, so that we have only two parameters.
In order to identify the choices of the parameter b that result in a weakly curved geometry in
the large-N limit, one has to calculate the Ricci scalar for the metric described by Eq. (4.36). For a
generic spacetime point (x, y), an analytic calculation of the curvature gives a long expression and
it is not easy to study. Therefore, we split the transverse spacetime into three regions according
to the distance r from the position of the boundary between black and white strips. These are the
near-boundary region (r ≪ √N), the intermediate region (r ∼ √N), and the asymptotic region
(r ≫ √N). For the near-boundary and asymptotic regions, analytic treatments are possible for
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Figure 3: (a) The droplet representation of the extremely asymmetric choice with b = 1. (b) The plots
of the Ricci scalars (lP = 1) for the extremely asymmetric choice at three selected points in the (x, y)
plane.
some choices of the parameter b. However, for the intermediate region we can study the geometry
only numerically.
By the statement of guage/gravity duality, we expect to have a weak curvature in the large-
N limit. In order to find some LLM geometries that can be the background geometries in the
gauge/gravity duality, we investigate these geometries by evaluating the Ricci scalar in terms of
b and N . We find that the absolute value of the Ricci scalar becomes small at large values of
N for some choices of the parameter b, while it remains large for the other choices. In Sec. 3.2,
we cited that the Young diagram for a weakly curved geometry should have long edges and few
corners [12]. In particular, in the case of Eq. (4.36), the geometry should be weakly curved if
b = w =
√
N . This is the choice which is dual to the special vacuum used in Sec. 4.1 (see Fig.
2) for the corresponding droplet and Young diagram. On the other hand, if b = 1 and w = N ,
which is the choice of Ref. [8], the geometry may have some highly curved region. Since the other
choices are in between these two extreme cases, we show that the former choice corresponds to a
weakly curved geometry, while the latter has a highly curved region in the large-N limit.
The Ricci scalar of the metric described by Eq. (4.36) is a function of the coordinates (x, y)
with the parameters b and N . Before we proceed to the discussion of our choice, we briefly discuss
the extremely asymmetric case with b = 1 and w = N . We start by plotting the graphs of the
Ricci scalar against N at some selected points. The plots in Fig. 3 show that the Ricci scalars
for the selected points approach significantly large constant values, as we increase N . Though we
only take several points into account in these plots, the numerical results are enough to conclude
that the extremely asymmetric choices (b ≪ w or w ≪ b) are related to geometries which have
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some highly curved regions in the large-N limit. From now on we mainly focus on the symmetric
choice with b =
√
N .
4.2.1 The near-boundary region (r ≪√N )
When we calculate the Ricci scalar in this region, analytic approaches using the large-N expansion
are possible.4 Since the behavior of the geometry near the boundaries at x2 and x1 (or x3) in Fig.
2 are slightly different, we investigate these two cases separately.
(a) x = x2 region: We call this boundary the symmetric boundary. To obtain the behavior of the
metric (4.34), it is convenient to use polar coordinates (r˜, θ),
x = r˜ cos θ, y = r˜ sin θ, (0 ≤ θ ≤ π), (4.37)
where r˜ represents the distance from the boundary. The metric behavior near this boundary is
given by
ds2 = µ
4
3
0
(N˜
4
) 1
3
(
1 +
2r˜
3
√
N˜
)
ds2R2+1 +
2µ
− 2
3
0
r˜
( 4
N˜
) 1
6
(
1− r˜
3
√
N˜
)(1
4
dr˜2 + r˜2ds2S7
)
= π
2
3 (lPµ0)
2N
1
3
[(
1 +
2r
3
√
N
)
ds2R2+1 +
4
µ20r
√
N
(
1− r
3
√
N
)(1
4
dr2 + r2ds2S7
)]
, (4.38)
where ds2R2+1 represents the worldvolume metric of the M2-branes. In the second line of Eq. (4.38)
we have used
r˜ = 2πl3Pµ0 r, N˜ = (2πl
3
Pµ0)
2N, (4.39)
where r is the rescaled dimensionless coordinate. The rescaling in Eq. (4.39) is based on the flux
quantization in 11-dimensional supergravity. The quantization implies
xi+1 − xi = 2πl3pµ0Z. (4.40)
At the boundary (r = 0), the metric (4.38) has a coordinate singularity. To clearly see the
behavior of the geometry at the boundary, we consider the coordinate transformation
r = ρ2. (4.41)
4Since r/
√
N is the expansion parameter of the LLM metric near the boundary region, the large-N expansion
is the same as the small-r expansion.
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N = 104 (blue). The (x, y) plane in gray is included to trace the line of
the zero Ricci scalar.
Then the metric (4.38) is rewritten as
ds2 = π
2
3 (lPµ0)
2N
1
3
[(
1 +
2ρ2
3
√
N
)
ds2R2+1 +
4
µ20
√
N
(
1− ρ
2
3
√
N
)(
dρ2 + ρ2ds2S7
)]
. (4.42)
At ρ = 0, we have the metric of R8 along the space transverse to the M2-branes [16]. Near the
symmetric boundary the Ricci scalar has the form
R = 4
3π
2
3 l2P
( 1√
N
) 2
3
[
1 +
29
48
ρ2√
N
+O
( ρ2√
N
)2]
. (4.43)
This shows that the Ricci scalar is positive and decreasing with increasing N . We also notice that
the Ricci scalar has a local minimum at the boundary; see Fig. 5.
The regularity of the geometry can also be confirmed by evaluating other invariants. For
instance, the contraction of the Ricci tensor RMN is given by
RMNRMN = 80
9π
4
3 l4P
( 1
N
) 2
3
[
1 +
371
120
ρ2√
N
+O
( ρ2√
N
)2]
. (4.44)
Similarly, the evaluation of the Kretschmann invariant gives the following regular result
RKLMNRKLMN = 52
9π
4
3 l4P
( 1
N
) 2
3
[
1 +
449
156
ρ2√
N
+O
( ρ2√
N
)2]
, (4.45)
where RLKMN is the Reimann tensor. The expressions (4.44) and (4.45) also confirm that our
geometry is weakly curved in the large-N limit. This analysis can be repeated for other regions.
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(b) x = x1 region: Due to the symmetry of our droplet, the Ricci scalar near the boundary at
x = x3 is the same as the one near the boundary at x = x1. Using the polar coordinates in Eq.
(4.37) with r˜ indicating the distance from the boundary at x1, we obtain the metric near this
boundary,
ds2 =(4π)
2
3 (lPµ0)
2N
1
3
×
[(
1 +
(1− 9 cos θ)r
6
√
N
)
ds2R2+1 +
1
µ20r
√
N
(
1− (1− 9 cos θ)r
12
√
N
)(1
4
dr2 + r2ds2S7
)]
. (4.46)
We use the coordinate transformation (4.41) to see the behavior of the geometry at r = 0. We
obtain the metric of R8, and the corresponding Ricci scalar is given by
R = 2
2
3
3π
2
3 l2P
( 1√
N
) 2
3
[
1− 107− 45 cos θ
48
ρ2√
N
+O
( ρ2√
N
)2]
. (4.47)
This also shows that the Ricci scalar is decreasing with increasing N . It has a local maximum at
the boundary (ρ = 0); see Fig. 5.
4.2.2 The intermediate region (r ∼ √N)
As we stated above, for the intermediate region we can only rely on numerical methods to study the
curvature. In the case of our symmetric choice, the absolute value of the curvature is decreasing
in the entire intermediate region with increasing N . To verify this fact, we plot some three-
dimensional graphs of the Ricci scalars versus the coordinates (x, y) for large values of N ; see Fig.
4. In this three-dimensional plot, we exclude the numerically problematic regions near y = 0, which
need special treatments. In the regions where the numerics behave well, the three-dimensional
plot in Fig. 4 shows that the geometry is weakly curved in the large-N limit. The plot also shows
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that the Ricci scalar is positive when the distance r from the symmetric boundary is small, and
it is negative when this distance is large. In between these two regions there is an ellipse-like line
in the (x, y) plane where the Ricci scalar is zero.
The region near the y = 0 boundary can be treated in either of the following two ways. If the
distance from any of the boundaries separating the black and white strips is much less than
√
N ,
then this region falls under the same category as the near-boundary region, which has already
been discussed in Sec. 4.2.1. On the other hand, if this distance is of the order of
√
N , we expand
the functions z and V in powers of y to the leading orders, and then calculate the Ricci scalar
from these expansions. The plot of such simplified Ricci scalars versus N also confirms the claim
that the curvature is small in the intermediate regions; see Fig. 5. The plots also show that the
Ricci scalar is decreasing with increasing N .
4.2.3 The asymptotic region (r ≫√N)
Like the near-boundary limit (r ≪ √N), for the asymptotic limit (r ≫ √N) an analytic treatment
is possible. We proceed by expanding the function z and V for large r as5
z(r, θ) ≈ 1
2
cos θ − sin
2 θ
2r
2m+1∑
i=1
(−1)i+1xi − 3 cos θ sin
2 θ
4r2
2m+1∑
i=1
(−1)i+1x2i ,
V (r, θ) ≈ 1
2r
+
cos θ
2r2
2m+1∑
i=1
(−1)i+1xi + 3 cos
2 θ − 1
4r3
2m+1∑
i=1
(−1)i+1x2i . (4.48)
Since the detailed shapes of droplets are not distinguishable in the asymptotic limit, the metric
only depends on N . For this reason, we here treat an arbitrary droplet. With the above expansions
we obtain
e−2Φ ≈ N˜
µ20r
3
, h2 ≈ 1
2r
, eG ≈ cot θ
2
, (4.49)
where the parameter N˜ is given by
N˜ =
1
2
(
2m+1∑
i=1
(−1)i+1x2i −
2m+1∑
i=1
2m+1∑
j=1
(−1)i+jxixj
)
. (4.50)
The relation between N˜ and N was given in Eq. (4.39).
5Here r represents the distance from the symmetric boundary.
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Inserting Eq. (4.49) into Eq. (4.34), we obtain the asymptotic metric
ds2asymp =
R2
4
[(
8πl3Pµ0r˜
R3
)2 (−dt2 + dw21 + dw22)+ dr˜2r˜2
]
+R2ds2S7
=
(
R
2
)2
ds2AdS4 +R
2ds2S7 , (4.51)
where R = (25π2N)1/6lP. Since r˜ has a rescaling symmetry in the first line of Eq. (4.51), one
can see that the asymptotic AdS4×S7 geometry does not depend on the mass parameter µ0. We
also notice that the result is independent of the shape of the droplet. Therefore, for any droplet
with N M2-branes—including our special choice—the asymptotic geometry is AdS4× S7 and it is
weakly curved in the large-N limit, as expected. This completes the verification of the fact that in
the case of our symmetric choice the LLM geometry is weakly curved everywhere in the large-N
limit.
5 Conclusion
In this paper we have constructed N = 2, 4 supersymmetric Abelian projections of the mABJM
theory. We selected an N = 2 supersymmetric Abelian theory on a particular vacuum of the
mABJM theory and verified that the background geometry of its gravity dual is weakly curved
everywhere. Our work was motivated by a potential application of the Abelian projected mABJM
theory to describe some condensed matter systems. If an effective action of a condensed matter
system is formulated as a truncation of well-established theory with a well-understood dual gravity,
the strong-coupling regime of the system can be studied via gauge/gravity duality. In order for
this to be realized, the background geometry of the gravity dual must be weakly curved.
Our first attempt in identifying such a theory was based on a consistent truncation of the
mABJM theory with N = 4 supersymmetry. We found such a truncation problematic because
of either of the following two reasons. First, some of the truncation ansa¨tze violate the condi-
tions required by the supersymmetry invariance of the vacua at the quantum level. Since the
gauge/gravity duality maps the supersymmetric vacuum solutions of the mABJM theory to the
Zk quotient of LLM geometry, the map is unclear for the Abelian theories built on nonsuper-
symmetric vacua. Second, when the truncation ansa¨tze do not violate the condition required by
quantum supersymmetric vacua, we found that the dual geometry has highly curved regions, and
the gravity approximation of the fluctuations on such a geometry cannot be trusted.
In order to overcome these problems, we constructed an N = 2 Abelian theory by using
another consistent truncation of the mABJM theory. Our truncation ansa¨tze involved special
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fluctuations on the supersymmetric vacua of the mABJM theory, and the gravity duals can be
built as fluctuations on the geometries that are dual to these supersymmetric vacua. It turns out
that some of the dual geometries contain highly curved regions and the study of gravity theories
on those geometries should include higher-derivative corrections. For this reason, focusing on the
k = 1 case, we selected a particular vacuum for which the dual LLM geometry is weakly curved
everywhere. We carried out a detailed study of this geometry.
Our assessment can be repeated for a more general LLM geometry, but in this paper we
focused on the geometries for which the droplet representation has only a single pair of finite-
length black and white strips. The metric is characterized by three parameters, which are the
mass parameter, the lengths of the black/white strips, and the total number of M2-branes (N).
We found that the geometry is weakly curved when the lengths of the black and white strips are
the same and equal to
√
N in the large-N limit. To verify this, we studied the behavior of the
metric by splitting the transverse space into three intervals depending on the distance r from the
boundary between the black and white strips. For the near-boundary region (r ≪ √N) and the
asymptotic region (r ≫ √N), we showed analytically that the absolute value of the Ricci scalar
is small and decreases with increasing N . We found that the Ricci scalar is always positive near
the boundary whereas it is negative in the asymptotic region, in agreement with the expectation
that the geometry is AdS4 × S7 in the latter region. In the intermediate region (r ∼
√
N), we
could study the geometry only numerically. By plotting the graphs of the Ricci scalar versus the
transverse space coordinates, we verified that in the intermediate regions the geometry is weakly
curved as well, and the curvature decreases with increasing N .
In this paper we clarified the map between the vacuum of a special N = 2 Abelian projected
mABJM theory and the LLM background geometry of the gravity dual. It still remains to figure
out the type of fluctuations on this geometry that result in the gravity theory dual to the N = 2
Abelian theory. There are also other interesting aspects of the map. It is evident that the N = 2
Abelian theory supports soliton solutions, such as vortices and domain walls. It is interesting to
find the corresponding objects in the gravity dual. One can also consider more general fluctuations
on our special vacuum and study the gravity dual. These issues will be discussed elsewhere.
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